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THE CARDIOID AND TRICUSPID: QUARTICS WITH 
THREE CUSPS 
By R. C. ARCHIBALD 


1. Tue cardioid and the three-cusped hypoeycloid or tricuspid are of 
interest not only on account of the great many beautiful properties which they 
possess, but also because of their historic association with the names of many 
eminent mathematicians. 

The cardioid was discussed as an epicycloid by Jacob Ozanam as early as 
1691,* and later by the Bernoullis, de L’ Hopital, L. Carré (author of the first 
complete work on the integral calculus, 1700), de Réaumur, de la Hire, Mac- 
laurin, Castilleoneus, Euler, Cramer, Quetelet (who showed the uses of the 
curve in graphic astronomy ), Magnus (who showed the curve to be an inverse 
of the parabola), J.C. Maxwell, R. Proctor, Wolstenholme, Weill, Laguerre, 
Brocard, ete. 

The tricuspid seems to have been first conceived, as a unicursal quartic, 
by Euler,f in 1745, in the treatment of a problem in catacausties. Some ide: 
of the interest which this curve has excited in the minds of many of the most 
noted modern mathematicians, and of the enormous number of papers devoted 
to the discussion of it, may be obtained by glancing through the bibliograph- 
ical lists in ZL’ Tatermédiaire des Mathématiciens, vol. 3 (1896) and vol. 4 
(1897). 

The object of the present paper is to show the intimate relation which 
exists between these apparently entirely dissimilar curves, and, in illustration 
of the theory of projection, to make this relation a basis for the derivation of 
some theorems for the general tricuspidal quartic. Incidentally, we shall see 
how a comparatively simple property of one curve may be made use of to 
prove a property of the other which could be otherwise derived only by much 
longer and less elegant methods. 

The subject has been touched upont by Siebeck, Frahm, Wolstenholme, 

* J. Ozanam, Dictionaire Mathématique ou Idée générale de Mathématique, pp. 102-104 
(Amsterdam, 1691). 

t P. H. Fuss, Correspondance math. et phys. du X VITI°” siecle, vol. 1 (Euler and Gold- 
bach), pp. 314-488 (published in 1843). See also Acta eruditorum, 1746. 

t Siebeck, Crelle’s Journal, vol. 66 (1866), p. 359. — Frahm, Schlimileh’s Zeitschrift far 
Math., vol. 18 (1873), p. 363. — Wolstenholme, Proce. London Math. Soe., vol. 4 (1873), p 330; 
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Townsend and Delens ; but it is hoped that the presentation of their results in 
a somewhat new and connected form, with the addition of several new theorems, 


may be suggestive and of interest. 
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Numerous properties of the cardioid and tricuspid will be assumed as 
known. For the former, reference may be made to my Dissertation; — for 
the latter, to the bibliographies already cited. 





Educationtl Times Reprint, vol. 55 (1891), p. 182; Mathematical Problems, 3rd edit. (1891), 
problem no. 1849, and note p. 251. —Townsend, Educ. Times Reprint, vol. 20 (1873), p. 34; vol. 
22 (1575), p. 35.— Delens, Journal de math. spéciales, vol. 15 (1892), pp. 193-198. 

* Archibald, The Cardioide and some of its related.curves, Strassburg, 1900. 
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2. Consider a cardioid, C, and a tricuspid, 7, placed in a very simple 


relation to each other, as follows : 


Let OA = 3aand OA'= a be the radii of two concentric circles, a and B, 


respectively (see figure). Then: 

If a circle with radius @ roll on 
the outside of 8, a point on its cir- 
cumference will trace the cardioid, 
(’, of the figure.* 

The equations of C, referred to 
0 as origin, are : 

(z= a(2cos@ — cos2@), 

} y = a(2sin@ — sin26). 
Eliminating 6, we get 
(2? + y?)? — Ha2(x? + *) 

+ Xa3x7 — 3a‘ = 0. 


Introducing trilinear coordinates, 
this equation becomes : 


rv" + rs 
where 
VN=xr+ity—a, 
Y=r-— ty — a, 
Z=-a; 


or, 
r=(X¥+)Y— 2Z) 2, 
(ly) y= (X— Y)/2i, 
a=—Z. 


Equation (1) is the trilinear equa- 
tion of C referred to an imaginary 
triangle, whose vertices are the three 
cusps of C'; viz., the point (a, 0) 
and the circular points at infinity. 


If a circle with radius a roll on 
the inside of a, a point on its cir- 
cumference will trace the tricuspid, 
T, of the figure.* 

The equations of 7, referred to 
Y as origin, are : 

{ « = a(2cos8 + cos 26), 

/ y = a(2sin@ — sin2@), 


Eliminating 6, we get 


(.c* 4. yy? 4. LXa?( a2? .s y?) 


— §ax(x> — 34") — 27jat = 0. 


Introducing trilinear coordinates, 
this equation becomes : 
— | = 0, (A) 
where 
Va=ur+ V3y — 3a, 
y=2r— V3y — sa, 
Z=— 3a —27; 
or, 
x= (V+ VY —22Z)/6, 

(I) y= (X— ¥)/2y3, 
a=—(V+ Y+Z)/9. 
Equation (.1) is the trilinear equa- 
tion of 7’ referred to a real trian- 
gle, whose vertices are the three 
cusps of 7; viz., the real points 
(3a, 0), (—3a/2, 3y3a/2), and 

(— 3a/2,— 3y 3a/2). 





* The following relations between C and 7 may be worth noting: The axis (SA) of C 
is equal to the axis (S’A’) of T,and the length, 16a, of the curve Cis equal to the length of 
the curve 7. ‘The cuspidal chords of C are of constant length, 4a, and the locus of their 
middle points is the base, 8, of C. The portions of tangents to T intercepted by the curve 


are of constant length. 4a, and the locus of their middle points is also the circle §. 
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3. By the aid of relations (1) and (I1), the trilinear equation of any 
curve, referred to either of the triangles just described, is readily obtained 
from its equation in rectangular coordinates. For example : 


1. From the equation x = 3a 2 1’. From the equation a = 0 of 
of the double tangent of C, we get the line at infinity, we get 
V+ F+Z=0. (13) 
2. For the circle 2’. For the cirele a: 
(4 — 2a)? bs he = x + Ue = 9a’, 
through the cusp and the points of through the three cusps, we get 


contact, 1. J. of the double tangent, 


we get 


NY + Y¥Z+ ZX =0, 


, . is ‘ , (CU) 
or, (N+ Yy'4+(¥ + Z)'4+ (74+ NX) =O. 
3. For the cuspidal tangents, 3’. For the cuspidal tangents, 
Y —_— 0, OP ds 7] = (), SP cuss iy — 0), we Y - , V + Vor — 0, YU — Var — 0, 
get we vet 


A-F=0, F-Z=0, 2-X=9, 


These three lines intersect at These three lines intersect at 


the focus, O, of the cardioid. the focus, O, of the tricuspid. 


4. For the circle a: H. For the ellipse 


a? 4 Ue = Se, V(r + 2a)? + y*? = Ya*, 


we get | we get 


NVY-— YVZ-—-ZNXN= 87, 


or, (N--Z)'+(Y—Z)b4 (V+ Y—#Z)i=0, (D) 
or, (V—Z)(Y—Z) =97?. 
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5. For the hyperbola 5/. For the circle B: 
25(.0 + 6a/5)* — 135y? = 81a, a + 2 = at, 
we get we get 


8(.Y + Y+ Z) %=27(NYY + YZ+ ZN), 
or, (N+ Y—8Z)'+(¥ 4+ Z-8N)'14+ (74 N-—8V)i=0, (B) 


or, 8(.N24+ V?4+ 77) =11(YY + YZ+ ZN). 
6. For the circle B: 6’. For the ellipse 
+ of = @, 20(4 — 60/5)? — 15y? = 81a’, 
we get | We get 
YY -—- ¥Z-—-Z2NX=0. (F’) 
7. For the circle 7’. For the hyperbola 
(32 — 2a)? + 9y? = a’, iWi(2 — 12a/7)? — 637? = 81a’, 
we get we get 
bjVV—- ¥Z-—-ZN= 0. (G) 





4, It has been shown by Salmon* that the trilinear equation of any tri- 
cuspidal quartic referred to a suitable triangle of reference is 


N-'+ Y-'4+ Z-4=0. 


Since either of two curves having the same trilinear equation but different 
triangles of reference may be obtained from the other by projection, it follows 
that from either the cardioid or the tricuspid we may, by a suitable projection, 
obtain the other ;+ and further that from either we may obtain any tricuspidal 


quartic. } 





*G. Salmon, Higher Plane Curves, 3rd edit. (1879), p. 258. 
t The projective transformation which transforms C into T is given by the equations : 


8azx' —y3iay’ 
22 = Ts: y = ——_— “ais 
227'+3a 2Qr'+3a 
t W. K. Clifford, in a paper: On Triangular Symmetry [Educ. Times Reprint, vol. 4 
(1866), pp. 88-89; Collected Math. Papers (1882), pp. 412-414], attributes to Cayley a proof 
that “every three-cusped quartic can be projected into a hypocycloid of three cusps.” 
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Notice that in any projection of the cardioid the circular points at infinity 
(Y= Z=0, X= Z=0) become cusps of the tricuspidal quartic into which 
the cardioid projects, while the line at infinity ( Z =) becomes the line join- 
ing the cusps in question ; on the other hand, in any projection of the tricus- 
pid the line at infinity (V+ + Z = 0) becomes the double tangent of the 
tricuspidal quartic into which the tricuspid projects, while the circular points 
at infinity become the points of contact 7, J of the double tangent. Keeping 
these facts in mind, it is easy to obtain from any descriptive property of the 
cardioid [tricuspid }]— or from any metric property which lends itself to pro- 





jection—a property of any tricuspidal quartic, and incidentally of the tricuspid 
(eardioid}. | 

5, Among many remarkable known properties of the cardioid and tri- 
cuspid we shall note a few which readily lend themselves to projection. 

On the cardioid: 

(a) Tangents to C at the ends of acuspidal chord intersect orthogonally 
on the circle a. 

(4) Normals to Cat the ends of a cuspidal chord intersect orthogonally 
on the circle 8. 

(c) The locus of a point which so moves that the points of contact of 
tangents from it to C’ lie on a line, A, is the circle (x — 2a)? + ¥? = a?,* 
passing through the cusp and the points of contact 7, J of the double tangent. 

(7) The locus of a point which so moves that the feet of the normals 
drawn from it to ( lie in a line, A’, is the circle (32 — 2a)? + $y? = a®.* 

On the tricuspid : 

(¢) Tangents to T at the points where any tangent ¢ cuts the curve, 
intersect orthogonally in a point Pon the circle 8; the third tangent which 
can be drawn from P to 7 meets ¢ orthogonally on . ; 

(f) If three tangents are drawn to T from any point P on the circle 8, 
the normals at their points of contact will intersect on the circle a at the point 
where a is cut by the line PO. 

(7) Normals to 7 at the points where a tangent to 7’ cuts the curve in- 
tersect orthogonally on the circle a. 

(h) The locus of the point which so moves that the feet of normals drawn 
from it to T lie in a line, is the circle a. 

6. By the aid of the relations established in §§ 2—4, the reader will 





*R Lachlan, Educ. Times Reprint, vol. 58 (1893), p. 42. 
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tind it easy to extend these theorems of §5 to any tricuspidal quartic. For 
instance the following theorems are easily deduced : 

(1°) The locus of a point which so moves that the points of contact of 
tangents from it to any tricuspidal quartic Y—! + Y-4+ Z-14 = 0 lie ina line 
A, is the conic (C’): XY + YZ+ ZX =0, through the cusps of the quartic 
and the points of contact J, J of its double tangent. The lines joining the 
triple focus of the quartic to 7 and J are tangent to this conic. For the special 
case of the tricuspid the locus in question is the circle a through the cusps. 

(2°) Tangents to any tricuspidal quartic Y—-!+ Y-4+4+ Z-1!= 0 at the 
points /’,, Y; when any tangent ¢ cuts the curve, intersect in a point P on 
the conic (£") : 8(.X% 4+ 1+ Z)? = 27(XY 4+ YZ + ZN), which touches the 
quartic in the points where the quartic is cut by its cuspidal tangents, and 
passes through / and J, the points of contact of the double tangent. These 
tangents 2, and PJ’; divide the line JJ harmonically. The third tangent 
from /? to the quartic meets ¢ in a point Y on (£”); the two tangents PQ 
and ¢ also divide /J harmonically. The line ?O cuts the tangent ¢ in its 
second point of intersection with (£"). Further, OJ and OJ are tangent to 
(£"); hence the focus of the quartic is the pole of the double tangent with 
respect to either of the conics (C") or (£’). 

For the special case of the cardioid the conic (£”) is a hyperbola.* 

(3°) Quasi-normalst with respect to a pair of cusps B, C of a tricus- 
pidal quartic, drawn at the ends of a chord through the third cusp, meet on 
the conic (F"): NY — YZ — ZN = 0(which passes through the cusps) ,and 
divide BC harmonically. 

(4°) If the feet of the three quasi-normals (with respect to Z, J) which 
can be drawn from a point to a tricuspidal quartic lie in a line A’, the locus 
of the point is a conic (G'):; 3NY — YZ — ZN = 0, passing through the 
cusps. For the special case of the cardioid the locus in question is a circle. 

7. It is not difficult to prove that the envelope of the line A through the 
points of contact of the tangents drawn to the trieuspid from any point 2? 


*A result first given in 1866, by Siebeck, loc. cit.; but also in 1874 by Wolstenholme, 
Educ. Times Reprint, vol. 20, p. 34. 

+A quasi-normal with respect to a pair of points is a line through the point of contact, 
P;. of a tangent and forming with the tangent and the lines drawn from P, to the two points 
a harmonic pencil. A quasi-evolute is the envelope of the quasi-normals. Obviously a nor- 
mal will always project into a quasi-normal with respect to the projections of the circular 
points at infinity, and an evolute into a quasi-evolute. 
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on the circle a (§ 5(c)) is the evolute of the tricuspid.* This curve may be 
obtained by enlarging 7’ three times its linear dimensions and turning the 
resulting figure through 180°. The equation of this envelope is : 


(V+ 4¥4+ 4Z)-'+ (ANG y+ 4Z7)-§4+ (4N4+ 44+ Z)-'=0. (Mf) 


Hence we have the theorem : 

(5°) For any tricuspidal quartic, the envelope of the line A is another 
tricuspidal quartic (//'), tangent to the conic (C) at each of the cusps of the 
original quartic, and having the same cuspidal and double tangents as the 
original quartic, and the same points of contact /, J. Or, the envelope of A 
is the quasi-evolute (/1') of the quartic, with respect to the points of contact 
I, J of the double tangent of the quartic. 

We may finally deduce the following theorem trom §5 (7), (g) with re- 
gard to the conic (€") : 

(6°). The quasi-normals of a tricuspidal quartic (with respect to the 
points 7, -J) at three points 7, /’;, 7’; intersect in a point Y on the conic (C") 
which passes through the cusps of the quartic; the quasi-normals QP,, G2; 
divide ZJ harmonically. Further, the points 7’, 0, @ lie in a straight line 
which passes through one of the points where the tangent /?, P; cuts the 
conic (£"). 

8. Problems. 

1. The points 7, 77; in §6 (2°) are said to be conjugate. Show that 
in the case of a eardioid these p ints lie on a eirele through the real cusp Ss 
and the focus 0 of the curve; further that the tangents PP,, P/’, intersect 
the double tangent on this cirele.t The equation of the circle being 2? + 77 
— ar — by = (hb variable). deduce a general theorem for tricuspidal quarties. 

2, The orthoptie locus of C is made up of the circle a (§5(a)) and 
the Limacon of Pascal : 

K(0? — y? — Wa?)? + d4u8 (a? + yp — We?) + SI (24 — Baja .¢ 
Hence, show that, if through a cusp S of any tricuspidal quartic VY) 4 Y~! 
+ Z~-*!=Vany line be drawn, it meets the curve in two other points /’,, 1s, 
the tangents at which divide the line BC (joining the other cusps) harmoni- 
cally; the locus of the intersection of these tangents is the conie (J). The 











* Delens, loc. cit. 


+ Cf. Archibald, Educ. Times Reprint, problem wo. 14556, vol. 75 (1901). p. 127. 
~ Wolstenholme, Procv. London Math. Soc.. loc. cit. 
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locus of the point of intersection of other tangents to the quartic which 
divide BC harmonically, is the bicuspidal quartic 


a(.Y — Z)29(¥ — Z)*-977(N — Z)(Y-—Z)-—B81NYZ? = 0, 


which is tangent to the tricuspidal quartic at the two points where the quasi- 
normals are also tangents. 

3. With the notation of the last problem, show that the locus of the 
fourth harmonic point to 7, SN, 2; is a cuspidal cubic with an inflexional 
tangent, defined by the equation YY(.V + 1) = Z(Y— Y)?. Show that 
for the cardioid C, this cubic is the Cissoid of Diocles, with cusp at S and 
inflexional asymptote «= 3a." 

1. The envelope of the sides of the trianglest formed by joining the 
points of contact of parallel tangents to a cardioid C, is the nodal cubic known 
as the Trisectrix of Maclauring. Its equation may be written 


rsin2@ + asin3@=0, and reos(@3) = a/2. 


Hence, deduce a theorem for tricuspidal quarties. 

9. Beside the cardioid and tricuspid, other definite examples of tricus- 
pidal quartics have oecurred in problems by Cayley§ and Wolstenholme. 
To quote Problem 1698 of the latter may not be without interest in this con- 
nection : 

"Through each point within a parabola /? = 4ax it is obvious that at least 
one minimum chord can be drawn: prove that the part from which two mini- 
mum chords and one maximum can be drawn is divided from the part 
through which only one minimum can be drawn by the curve (2 — 50)7} 
+ (4x — By + 4da)—' + (4r + Hy + 4a)-h = 0: ete.” 

Euler found (/oc. cit.) a whole class of tricuspidal quarties in connection 
with a solution of the problem: “ given a luminous point, find a curve such 
that rays of light twice reflected from it return to the starting point.” 


*Archibald, Educ. Times Reprint, vol. 74 (1901), p. 53. 

+ These triangles have a constant area and acommon centre of gravity, the triple focus 
of C. 

t This remarkable curve has many beautiful properties and has been much studied, espec- 
ially by the French. A bibliography and a proof of the above as well as other properties are 
given in my Dissertation, loc. cit. I have also givena bibliography in L’ Intermédiaire des 
Mathématiciens, vol. 8 (1901), p. 10. 

§ Cayley, Educ. Times Reprint, vol. 9 (1868). 
| Wolstenholme, Math. Problems, loc. cit., problems 1811, 1698, 1364, 1356. 





——— 




























Ee oe atte 





re arene — ee 





A +s 











104 ROE [April 


Finally attention may be drawn to Problem 391 in an interesting collec- 
tion by Ralph A. Roberts.* 

10, It would be interesting, did space permit, to treat the nodal cubies 
(the reciprocals of tricuspidal quarties) , whose equations may be thrown into 
the formt 

Xi+ Yi+ Zi=0, 
by a method similar to that which we have used in the foregoing pages. 

The results of the present paper were obtained four years ago. Within 
the past eighteen months a book by A. B. Basset} has appeared, making 
special note of the value of the method of projection in connection with the 
study of higher plane curves, whereas previously this theory had been largely 
confined to the treatment of conics. 


SACKVILLE, N. B. 
APRIL, 1903. 





NOTE ON A PARTIAL DIFFERENTIAL EQUATION OF THE 
FIRST ORDERS 


By E. D. Ror, Jr. 


THIS note contains an elementary proof of the following familiar theorem : || 
A necessary and sufficient condition that a function ST ( Mas Bap « « + 9 Med 


be a solution of the equation 


of — -~> 
¢ + id + © «© © «be : — 0, (1) 


| 
Ly 


~ 


Cc Ay Cry 


is that t hea function of the differences of the a's. 


* A Collection of Examples and Problems on Conics and some of the Higher Plane Curves, 


Dublin, 1882. 

+ Salmon, Joc. cit , p. 184. 

~ An Elementary Treatise on Cubic and Quartic Curves, Cambridge, 1901. 

§ Presented to the American Mathematical Society at the Evanston meeting, September 2-3, 
1902 

| Cf. Fad di Bruno's Bindre Formen, p 29 and p. 46, where. however, only the sufficient 
condition, not the necessary condition, is proved. Cf. also G. Salmon, Higher Algebra, 4th 
edit., §§63-64; and Gordan and Noether, in Math. Annalen, Vol. 10 (1876), pp. 549-552. 
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Proof. Consider any function (2, 22, ... , 2,). Introducing the new 
variables ¥;, Yo. - + + + Yn» by the relations 








a =WitYotor + Yn-1t Yn 
Ly = Yet >>> + Yn—-1 + Yur 
Sn —1 = Yn-1 t+ Yns 
In — Yns 
we have 
S(”%, Te, ee x,,) — Fin, Y2, a Yn—s Yn) ; 
whence 
oF _ of _ of tm of ee | of ox, 
OYn i CYn > or, OYn Org OY n titles Ox, OY, , 
or, by (2), 
oF a of of 
"=. Pare & (3) 


CYn Or, Or, CLy 


Therefore f will satisfy the equation (1) when and only when dF'/dy,, = 0; 
that is, when and only when F' is a function of 7, #2, +--+. Y,—, alone. But 
from (2) we have at once, 

Y= % — Ae Ys = % — Xs, ---s Yn—1 = %n—-1 — Fn: 
these differences are independent, a relation 

. F . . 

Hi — Key SH Oy — My + +, Mig — Vin Meg — Vigeas * + +s Ln-1 — Fn) 
between them being impossible, since to give all the variables x, x., - - -, x; the 
same increment, while x;,,, -- -, Z, receive none, would lead to contradic- 
tion. Any other differences of the x’s, as 1; — 7;(/ # 1+ 1), can however be 
expressed in terms of the former differences by the relation 

Y—TZ=—HYirt Yi4r ters t+ Hj-1 


Hence the theorem is true. * 





* The theorem in question is a special case of the following: 


If $1, de. - - +, Gn—1 are n—1 independent solutions of the equation 
cf , f of 
S- +e +--- + Be wb 
Cry CT2 In 


(where the coefficients are any functions of the x's), then the necessary and sufficient condition that 
a function f be a solution of the equation is that f be a function of the ¢'s. See, for example, 
E Goursat, Equations aur dérivées partielles du premier ordre (1891), pp. 31-32. 
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It will be seen that this proof does not use the theory of determinants, or 
the theory of the Jacobian, nor is any knowledge of the properties of differ- 
ential equations required. 


If in equation (1) we replace ., by «,a;(¢= 1,2, --, 4), we have the 
more general theorem that 
al function T (2), Sey + * 5 Xe) will he a solution of the equation 


J = (), (4) 


a n 


cf 
ay ~ abe y= Ks es oe oe SS 
Cr; Cy 


C 
ns 
Cc 
when and only when f is a function of the n— 1 independent differences 
jj — j4, Uj4y, Or, more simply, of the n— 1 independent determinants 
Qj 4125 _ Aj; Xj 4}. 
For example, since the resultant, /?, of two binary forms 


on n—tl _ 
Apt . A amen a 0), 


bot” “ss Aye” . # << s ah i, —s | 


satisfies the partial differential equation 


ck ck oR 
ii— + by = -- +--+. = 0. 
Clo c ay c a. 


it follows that 7? is a function of the n— 1 independent determinants 


a;b,. 1— 0,414. 
SYRACUSE UNIVERSITY, Syracuse, N. Y., 
APRIL, 1902. 














ON A GENERALIZATION OF THE SET OF ASSOCIATED 
MINIMUM SURFACES* 


By ARTHUR SULLIVAN GALE 


1. Introduction. The well known memoirs on minimum surfaces by 
Sophus Liet are based on the theorem that a minimum surface is a surface 
of translation whose generators are its minimum lines. As the generators are 
therefore imaginary curves the problem is suggested of considering all surfaces 
of translation whose generators are imaginary; the set of surfaces considered 
in this note consists of such surfaces. 

By a surface of translation is meant « surface whose equations have the 
form 

x= A(w) + Ayr). 
SNS: y= Bu) + Byer), 
z= CU(u) + Cy’), 


for such a surface may be generated by translating eitber of the curves 


r= A(u), t= Ay(v), 
r: y= Be), or r,: y= &,(0), 
z= C(u), z= (,(v), 


so that a point of that curve describes the other. Through each point of S 
there will pass two curves on S which are congruent and parallel? to [and TP, 
respectively ; the totality of these curves may be spoken of as the two sets of 


generators of the surface. 





* Presented to the American Mathematical Society, February 28, 1903. 

+ Math. Ann., vol. 14 (1879), p. 331 and vol. 15 (1880), p. 465. In these papers Lie has 
developed the elements of the theory of surfaces of translation, and derived certain properties 
of minimum surfaces, which Darboux (Théorie des surfaces, particularly §§ 220-225, 234, 239) 
has clarifled and amplified in his elegant treatment of that subject. Inasmuch as these prop- 
erties do not depend on the minimum property, but are enjoyed by all surfaces of translation, 
it is to be regretted that Darboux did not develop them in connection with the sections dealing 
with surfaces of translation as such (§§ 41, 82, 84). The surfaces of translation have received 
but passing reference in other text books; e. g., Niewenglowski, (/ométrie analytique, vol. 3, 
p. 159; Bianchi, Differentialgeometrie p. 112; Scheffers, Anirendung der Difterential- und Inte- 
gralrechnung auf Geometrie, vol. 2, p. 188. 

: Two congruent curves in space may be said to be paralle/, if they may be brought into 


coincidence by a translation. 
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For some purposes it is convenient to regard S as the locus of the middle 
point of a chord whose extremities lie on the curves 


i 2A(u), t= 2A,\(v), 
y= 2B(u), and y = 2B,(v), 
z= 2C(u). z= 20,(v). 


In particular, this point of view shows how it is possible to generate a real 
surface by translating one imaginary curve along another; for the middle 
point of a line joining two conjugate imaginary points is real. 

In what follows we shall contine ourselves to surfaces of translation whose 
generators are imaginary. Now the coordinates of an imaginary curve may 
be given in either one of two ways: 1°) by complex functions of a real pa- 
rameter; 2°) by functions of a complec parameter. 

The surfaces of translation generated by imaginary curves of the first kind 
are of little interest. For, if we have two curves 


n= f(u) + ilu), r= flr) + tiv), 
Y= NM") + (4). and sy = g(v) + 19, (V), 
z=hy(u) + tha), hy(v) + thy(r), 


Il 


where the /;, y; and /; are real functions of the real parameters u and v, the 
surface of translation generated by them can be real only when the conditions 


T(t) + A(r) = 9, 
9(u) + 4(r) = 9, 
and hy(u) + hy(v) = 0 


are satisfied identically. Unless the six functions involved in these conditions 
reduce to constants which satisfy the conditions, the real points of the sur- 
face will consist at most of the points of a real curve: and if that reduction 
take place the surface may be generated by the real curves 


2 = J(u), r= f3("), 
Y= (UX), and Y= 43("), 
z= hy(1), z=h,(r). 


We shall, therefore, consider only those surfaces whose generators are 
given by functions of complex parameters u and r, and we suppose that these 
functions are analytic. 
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In discussing surfaces whose generators are imaginary, the first question 
is naturally concerning their reality. A sufficient condition that S be real 
when IP and T, are imaginary is evidently that A,(v), B,(v), and C(v) be the 
conjugate imaginary functions* of A(u), B(w),and Cu) respectively. And 
if we set u=a+ iP and v=a— if, we see that this condition is also 
necessary ; for if S be real, the imaginary parts of A,(v), B,(v), and C,(v) 
must be the imaginary parts, with their signs changed, of A(w), B(w), and 
('(u) respectively, and hence the real parts of these functions can differ only 
by additive constants.t Hence: 

A surface of translation whose generators are imaginary curves given in 
terms of conjugate imaginary parameters is real when and only when the gen- 
erators of one set are the conjugate imaginary curves of the generators of the 
other set. 

From the standpoint of differential equations, the surfaces of translation 
are evidently those surfaces whose coordinates satisfy the equation 

070 


xa = VY. 


cucu 
If we set u = a + iB and v = a — if, this equation becomes 


e0 FO 0 
det Of 
Hence: The analytic surfaces of translation whose generators are imagi- 
nary are identical with the surfaces whose coordinates satisfy Laplace's equa- 
tion. 
Hence we may legitimately speak of such surfaces as harmonic surfaces. 
To write the equations of S in such a form that its coordinates satisfy 
Laplace’s equation, we have only to set u = a + i8 and v = a — 28, when 2, 





*Two functions, A(u) and A; (v), are said to be conjugate imaginary functions when 
they take on conjugate imaginary values for conjugate imaginary values of their arguments, 
A(u) and A;(v) are the same functions of their respective arguments only when A(w) is real 
for real values of u; but if A(u) = a;(u) + iag(u) then Ai(v) = a,(v) — ta2(v). 

t Cf. Picard, Treité d’analyse, vol. 2, chap. 1, §6. The system S (in Picard’s notation) 
is the condition that the function u(z,y) + iv(z,y) of the argument x + iy have a unique de- 
rivative; it is also, evidently, the condition that the fanction u(x, y) — iv(z, y) of the argument 
x — iy have a unique derivative, i. ¢., be an analytic function of x — iy. 
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y, and z are given as the real parts of 2 A(u), 2B(u), and 2C(u) respect- 
ively. Conversely, to write the equations of the surface 


r = f,(e, 8). 
y = f(a, B). 
z = f,(a, 8), 


where 
as the equations of a surface of translation, we determine the three functions 
9;(a,B8), (i= 1, 2, 3), so that 
so fi(a. 8) + ivj(a, 8)) = .Wr), 
4/ fg(a. 8) + W4Q(a,. 8) - Buy, 
and $/ f(a. 8) - Ig (a. B)) Cite). 
where uw = a + 78: then the surface may be generated by translating the curve 
aos é 1( WD. 
y= Biv), 


C(t) 


~ 


so that one of its points describes the conjugate imaginary curve. 
The fundamental «juantities of a surface of translation are : 


e=2(5,)=2(4m), 


F=-:. — = 2.1'(u)Aj(r), 


( Ai(r)) , 


\| 
4 
en, 
2] > 
3 : 
i 


C*y C7, C*z # ” ; 
~_ 9 oe pe A (ay Bay C'"'(n) 
cur our Ent 

l Cr Cy Oz 

D= = ee 4 = a ar ” - . 

oO cu ou Gu 7] W(ny Bony ¢ () 

Cr oy Cz ; 
a doen : we iia 

or ay or Air) Beary Char) 
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C > C 7] o 2 


Cucr Cuerv Cuer 


puti|% & & lo, 
0 ou ou ou 
or Gy Gz 
a cre Oe 
Cr Oy oz i(r) BY on 
~ ~ > a 4 v ) Wl fas 
Ov? Ov? Gr? (7) i(¥) O1(”) 
" 1 C4 Cy Oz l \' F or 
id Py cu cu ou = 5 (4) (nu) /(uU)ys 


Aj(v) Bye) Or) 


where & = AG — F’%, 
Since J)’ = 0, the total curvature reduces to 


l Dp 
r) My ‘ & 


and when A(w),B(u),and C'(u) are the conjugate functions of A,(v), By(v), 
and C'(7) respectively, F’ will be real, G will be the conjugate of FE. and D” 
will be the negative conjugate of D (as is seen by interchanging the second 
and third rows of the determinant detining D”). Hence : 

The total curvature of any harmonic surface Is everywhere neqgative.* 

Remark. An investigation of the elementary questions presenting them- 
selves in connection with the fundamental quantities of a surface of translation 
leads, with the exception of well known theorems on minimum surfaces and 
the theorem stated below, to negative results only; e. g., the only surtace of 
translation whose generators are its asymptotic lines is the plane. 

If the generators form an orthogonal system they are the lines of curvature 
of the surface, 

For F’ = 0 is the condition for orthogonality and we always have J’ = 0. 
An illustration is afforded by any cylinder, if the generators be the right lines 
on the evlinder and their orthogonal trajectories ; and, further, this property 


* This theorem has been stated by Professor Maclay; see note at the end of the present 
article. 
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characterizes the cvlinders. For the tangents to the generators of one set 
along the points of a generator of the other set are all parallel, and hence that 
generator can be orthogonal to the generators of the first set only when it is 
a plane curve whose plane is normal to the tangents to the generators of the 
first set. This being true for any two generators of the second set, whose 
planes, from the definition of SN, must be parallel, the generators of the first 
set must be straight lines: unless, indeed, the generators of the second set be 
themselves straight lines. Hence : 

The totality of cylinders may he defined as those surfaces of translation 


whose generators are their lines of curvature, 


2. Associated Harmonic Surfaces. In seeking all minimum sur- 
faces applicable upon a given real minimum surtace 


v= .i(u) + Ayr), 
S$: y= Bu) + Br), (E=G=0) 
- U(u) 4 Cyr), 


one is led to the singly infinite set of associated* surtaces 


y= e*A(uw) + o—** AL r), 
SN: y' = e'2 $3 u) +e 23) ( ry), 
ee" w) + em 1 (7) 


where @ is real: of these surfaces the adjoint surface of Bonnet, obtained by 
; T ;, 
setting a@ = 5 .—Vviz: 


fy = Had (a) — Ay(r))}, 
Sot Yo = ‘| Bou) = By(v)}. 
zy = 1 C(u) — Cy(rv)).— 


is very intimately connected with 8. In this section we shall consider the 
properties of S, on the supposition that S is any harmonic surface ;t the sur- 


* Darboux, l. c., book m1, chap.v. 

+ If the generators of S he real the set of surfaces 
I= eA u) =< ‘ ~*Ai(r e 
y = e°Biu) +e -* Bir), 
z=e*C(u) + e—*Cy(r), 


will possess the same properties as the set under discussion 
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faces S, may still be termed the surfaces associated with S, and ‘Sy the adjoint 
surface. 

If #,, F, ete., denote the fundamental quantities of S,, we have, in 
terms of those of S: 


E, = &E, D, = =D, 
F, = F, p= p'=0, 
Gr, = (4, Di = e-*D", 


The following theorems are proved at once by means of these relations. 
Corresponding areas of associated harmonic surfaces are equal, 
For if do and do, be the elements of surface of S and S, respectively, we 
have 
7 ‘ ” ‘ys \) 
do, = (EG, — F?)dudyv =(EG — F*)dudy = do. 


The angles between the generators at corresponding points of associated 
harmonic surfaces are equal, 


For if w, denote the angle between two generators of S, we have 


cae 
VEG, VEG 


COS@, = COS®@., 


Associated harmon ic surfaces are applicable upou each other when and only 
when they are minimum surfaces. 


For the square of the element of are on S,.— 


a? 


ds* = <€ sie ATA +2 Fdu dv + ee (fdr= ,— 


is independent of a when and only when # = G =0. 

The total curvature of associated harmon ie surfaces is the same at corre- 
sponding points. 

For the total curvature is given by 


DDI DD’, 
ky = BE = ar =h 


Associated harmonic surfaces have the same spherical representation, 
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For the fundamental quantities of the spherical representation,—viz : 


GD UP 
== a, = 8: = 8 ® 
; . FoDD" EDD" 

i= -&==- & aoa 
ED, EI a 


é & 


j,=—d = ; 
are independent of a. 
The coordinates of S. may be casily expressed in terms of the coordi- 


nates of Sand those of the adjoint surface S,. | For 


erie COsa + / slha, 


and hence* r= sr cosa + wg sina, 
Y= yYyvcosa + Wy sina, 
and 2’ = 2 cosa + 2 sina, 


In view of this fact we see that, although the mean curvature of S, can- 
not be expressed simply in terms of that of S, vet it may be expressed simply 


in terms of the mean curvatures of S and S,, as follows : 


eC BD". e—°Gp , 
a= oe h COsa - h sing. 
& ih 


NorrE. Ina paper presented to the American Mathematical Society on 
Feb. 22, 1902, Professor Maclay considered the following singly infinite set 
of harmonic surfaces : 


=X + % tane, 
(1) y' =4+ YW tana, 
‘= 2+ 2 tana, 


where or, Ys =s Los Yos and z, are the coordinates of corresponding points of 
any harmonic surface and the adjoint surface. These surfaces are similar by 


* Cf. Darboux, /. ¢., § 211 
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pairs to those treated above, the ratio of similitude being cosa. Although 
many of the theorems given above are analogous to those given by Professor 
Maclay, I had been led to consider those surfaces before hearing his paper. 


If the surface with which Professor Maclay starts be written as a surface of 


translation : 
t= A(u) + Aj(v), 


y= Blu) + Br), 
z= C(u) + C,(v), 


\| 


then the family he considered may be written : 


wv’ =(1 + ¢tana)A(u) + (1 — ¢ tana) Ay(r), 
(2) y' =(1 + é tana) B(u) + (1 — / tana) B,(r), 
2’ =(1 + (tana) C(u) + (1 — i tanayCy(r). 


It seems to me that this set of surfaces may be more readily studied in the 
form (2) than in the form (1): for in the form (1) the fundamental quan- 
tities of any surface of the set are found in terms of those of two surfaces, 
while in the form (2) they may be expressed in terms of those of a single 


surface, 


YaLe UNIVERSITY. 
AUGUST, 1902. 
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TWISTED QUARTIC CURVES OF THE FIRST SPECIES AND 
CERTAIN COVARIANT QUARTICS® 


By H. Ss. Wuite 


THE advantages of representing points of a plane cubic curve by values 
of an elliptic integral of the first kind are generally understood. That method 
gives the simplest exposition of the configurations associated with the in- 
flexional points; of the theory of residuation ; of the Steinerian Polygons ; 
and of the linear construction of the cubic from pairs of conjugate points, 
which we owe to Schroeter. The plane cubic is the first curve (properly 
so called) in the indetinitely extended series of Elliptic Normal Curves 
so named by Klein. The next in order is the twisted quartic in three dimen- 
sions, the intersection-line of two quadric surfaces. The application of 
elliptic parameters to such quarties is perhaps less familiar, though even more 
advantageous than in the lower case. What, for example, could be more 
elegant than Harnack’s linear construction of conjugate triplets of points 
upon the curve from two given triplets of the same kind’ Or where can 
better geometric illustrations be found for the problems of multiplication and 
division of elliptic arguments than in the relations of systems of quadric surfaces 
in the sheaf passing through the curve ? 

I propose here to use this parametric representation of points on the 
curve as an aid to proving the existence of certain irrational covariant curves 
and rational covariant surfaces. 

1. The Index of a Quadric Surface, and of a Derived Quartic. 
The points in which a plane touches the curve and cuts it again are denoted, 
according to Abel's Theorem, by the parameters 


— il + h, a. —tt— 4, 


since (— a+ hy + (20) +(-—a —h) =, 


A chain of points such that a tangent plane in each can cut the curve in 





* Read before tle Chicago Section of the American Mathematical Society, Dec. 30, 1897. 
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the point which precedes and the point which follows may therefore be denoted 
by the parameters : 


a — 24 a a+ bh a+t 4h 


—a + 3b —a+h —a—h —a — 3h 


Lines joining two consecutive points, with the positive coetticient of 4 the 
greater, will cut every line joining consecutive points of the opposite sort ; 
for the sum of the four arguments will be zero. The two sorts of join-lines 
are therefore generators in the two reguli of a quadric surface containing the 
curve. Upon the quadric we shall consider a gauche polygon inseribed in the 





curve. Depending on the nature of the quadric which supports it, this 
polygon will prove to be either indefinite or closed. Since generators of 
the same sheaf meet nowhere, a polygon can close only with some even num- 
her of sides, 2n. If it closes with 2” sides, let us say that x is the ‘ndex of 
the supporting quadrie with respect to the curve. Among the sheaf of sup- 
porting quadrics, those of finite index will be rare, those of no index or of 
infinite index, the rule. 

It is of course well known that the index is the same, whatever point of 
the curve be chosen as the first point of the polygon, and whichever of the 
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two generators meeting there be taken as the first side; for the condition of 


closing is 


a+2nhea (modulis the periods @,, @,), 
or 2nh = MW, + Miy@, = P, 
P 
whence 4= 3 


that is, the index is” if the argument / is a primitive 2vth part of a period. 

The Vossian quadrics are the six whose index is 2: which support there- 
fore inscribed quadrilaterals. A model, at least approximately correct, of one 
such surtace is Brill’s No. >, 3rd Series, showing a hyperbolic paraboloid on 
which the quartic curve is cut out by a cylinder. (See figure.) For each 
kind of quartic curve of the first species the number of real Vossian quadrics 
is discussed by Harnack, in volume 12 of the Mathematische Annalen. 

A new system of curves is discovered if, while regarding a particular 
quadric of the sheaf, whose index we may think of as intinite, we suppose the 
sides of every inscribed gauche polygon to be produced indefinitely. Starting 
from any point, the sides may be called the tirst odd side, first even side, 
second odd, second even, ete. The intersection of a first odd side with its 
second even side has for its locus another curve upon the same surface ;—an 
algebraic curve, for the determining conditions are algebraic, and of the fourth 
order, since each generator cuts it twice. Call this the C, of the given sur- 
face, and by analogy call the fundamental quartie the C,. Now in the same 
way define Cas the locus of the intersection of each first odd side with its 
third even side, and so may be detined an endless series of quartic curves : 
C,, C 


ie 


.. upon the surface of infinite index. 

Suppose however that the quadric has finite index, w. Then evidently 
the Cyand the (,_, will be the same quartic, also C, and (,_,. ete. Hence 
the index of any curve of the system may be taken less than (#7 + 1)/2, where 
nis the index of the supporting quadrie. There is a distinetion between quad- 
rics of even index and those of odd index; for the latter contain among. the 
concomitant quartics always one of index (m+ 1) 2 which degenerates evi- 
dently into a doubly-counting plane section, having however as many tangent 
generators as the C,. As regards the number of derivative quartic curves on 
any surface, and the derivatives of derivatives, the analogy of regular poly- 
gons inscribed in a circle and the related star polygons is sufficiently close to 
allow trustworthy use of geometric imagination. 














1903 } TWISTED QUARTIC CURVES OF THE FIRST SPECIES 119 





One thing it concerns us to note: that the definitions of auxiliary figures 
involve only projectively invariant relations— tangency, coplanarity, intersec- 
tions: and that beyond those the relations of curve to surface, and of curve to 
curve in the surface, are denoted by pure numbers ; that therefore all relations 
here discussed are invariant with respect to collineation in three-dimensional 
Spree, 

2. Variable C:, C;,C, as Characteristics of new Covariant Sur- 
faces. On every quadric containing the fundamental quartic curve there 
exist quartics corresponding to all integral indices. On some the series is 
finite, and the numbers recur in regular order as their index describes the 
serics of natural numbers ; the six Vossian Quadries showing only the funda- 
mental quartic itself as corresponding to every index. We may safely assume 
that continuous variation of the supporting quadric causes each derivative 
quartic OL, Cy, ...C,, to describe acontinuous locus, an algebraic surface. It 
is possible to calculate the degree and predict the singular points of each such 
surface in advance of the labor of finding its equation. One example will 
show the method ; we shall discuss the locus of the first derivative quartic C9. 

Two surfaces of the sheaf have in common no points save those of the 
fundamental quartic. Hence the locus of the C, can have no conical points 
or other singular points outside the Cy. Each secant of the C intersects 
its own Cy in two points, and meets no other C,. Hence the order of the 
locus is 2, increased by the number of intersections to be counted upon the 
('). Now the only surfaces on which the Cj, is at the same time a Cy are 
the Vossian surfaces, six in number. J/lence the fundamental quartic must 
hea sertuple line upon the desired locus, and in it the locus must be tangent to 
each of the Vossian surfaces, The order is then: 2 4+ 6-2 = 14. There are 
12 quadries having index 3 with respect to the curve. On each of these the 
(', is a plane conic twice counted. Twelve quadric surfaces of the sheaf there- 
fore are tangent to the 14-ic locus along as many conics. 

The next surface, the locus of curves C4, is of order 38, and has the Cj 
for an 18-fold line, along which it is tangent to the 6 Vossians and the 12 
quadries of period 3 respectively. The numerical characteristics increase 
rapidly. To extend the list could offer no difficulty. From the considera- 
tions 1) that each locus of a @), is uniquely determinate and 2) that it is 
covariantly connected with the fundamental curve and not dependent upon any 
one quadric of the sheaf in distinction from any other, we draw the conclu- 


sion: 
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There exist simultaneous covariants which are combinants of the sheaf of 
quadrics containing the fundamental quartic, possessing the orders and singu- 
larities computed hy the foregoing method, 

3. On the Calculation of Equations of Derivative Quartics. 
The fundamental C, is projected from four points by cones. From one 
of these points the generators of any one of the quadries are projected as 
tangents to asecond cone. The inseribed polygon is projected into any plane 
as a polygon inscribed in one conic and circumseribed about asecond. Salmon 
has given formulae for the locus of intersection of any first side with its third, 
fourth, fifth, ete.; and they appear as conics of a sheaf, whose equations are 
rational covariants of the equations of the two conics. To reckon the equa- 
tions for a (,, it would be best to assume the C) given by two quadric 
equations in canonical form : 


f= Oy, + Anta + 1343 + Gay = i) 


re = Ayry a A. 


ry + Agr3 + «Ay a4 - 0. 


For any quadrie of the sheaf: /’ + A® = 0, the projection of its contour 
from one of the four cone-vertices is readily written out, together with the 
equation of the conic into which the quartic is projected. Then by Salnon’s 
rules the trace of the Cy can be found, and between its equation and #’ + AM = 0 
the parameter A may be eliminated. The climinant will contain an unsvm- 
metrical factor, which may be thrown out by the usual process, leaving the 
equation of the surface whose characteristic isa Cy. Similarly any other (, 
and its locus could be represented algebraically, and, if desired, in terms of 
fundamental combinants in case of the surfaces. 

The most inviting problem connected with these associated quartic curves 
is perhaps this: upon a quadric of given index, to tind what relation subsists 
either between the elliptie moduli of the (',and the (,, or between the in- 
Variant anharmonie ratios belonging to these two quartic curves. 


NORTHWESTERN UNItversiry, 
EVANSTON, ILL. 





ON THE CHARACTERISTICS OF DIFFERENTIAL EQUATIONS* 


By E. R. Heprick 
INTRODUCTION 


THE importance of the theory of characteristics in the study of differen- 
tial equations is well known to all who are interested in that subject. The 
ordinary developmentst are, however, somewhat lacking in rigor. It is the 
purpose of this paper to present, in somewhat altered form, a new method for 
the introduction and treatment of characteristics, devised by Hilbert and given 
by him in lectures at Géttingen 1900-1901, 

In developing the method, no previous knowledge of the theory will be 
assumed, but attention will be called to well known results when they appear. 

Besides the new introduction thus proposed, a few theorems new to the 
theory will be given.} 


Part ll. PartriaL DirrereNTIAL Equations OF THE First ORDER. 


1. The Cauchy-Kowalewski Theorem. The process to be devel- 
oped depends directly on a theorem due to Cauchy§ and Kowalewski, || which 
Will be assumed as known in the following form : 








* This paper includes two papers read before the American Mathematical Society: (1) 
‘* On the Characteristics of Partial Differential Equations,” read Dec. 28, 1901; (2) ‘‘On the Inte- 
gral Curves and Strips of Partial Differential Equations,” read Feb. 28, 1903. 

+ See Goursat, Eq. aur der. part. 1 et 2 ordres; Fricke, Functionentheoretische Vorle- 
sungen; von Weber, Encyc. d. Math. Wiss. Il, A, 5; Monge, Applications de Vanalyse 4 la 
geométrie, 1795 (Edition Liouville 1850) ; ete. 

t The theorems of §§ 2, 3,5, 6 of Part I, and §§2, 3 of Part II are for the most part 
due to Hilbert; but some of the alterations made are essential. The work of §§ 2, 3, in each 
Part is somewhat altered; that of §6, Part I is somewhat generalized, and is extended in §5. 
Part Il. §4, Part I, and § 4, Part II, together with those parts of the previous sections which 
lead up to these sections, were not given by Hilbert, and are believed to be new. 

§ Oeuvres completes de Cauchy, 1* serie, vol. 7. 

|| Crelle, vol, 80. 
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THEOREM. Let us consider any partial differential equation of the first 
order in one dependent and two independent variables : 


(1) F(x, yo 2. peg) = % 
where p = 62/@r, ¢ = @z/éy: and let this equation be solved for p: 
(2) p=S (2. ¥. 2. 7)- 
Then there exists one and only one analytic solution 
z=v(r. ¥) 


(7. €. one and only one analytic function of «and y which when substituted 
for z renders (2) an identity in © and y) which satisfies the houndary condi- 
tion 


(3) z|],2, = "(%y 4) = (4%). 


where b(y) is a preassigned analytic function of y near y= Yo: provided that 
SF (2, 4.2, q) 8a single valued analytic function of 4, 4,2,q (4. e. developable in 
absolutely convergent power series by Taylor's theorem) in the neighborhood 
of the point © = rq, Y = Yor 2 = 20 = Vos Yo) = O( Yo) 1 = Yo = OV(Tos Yo) /CYo 
= $' (yo), and that v(x, y) isanalytic® near «= rq. 4 = Yo- 

The equation (1) can be put in the form (2), and the funetion f(7, 4,2, 7) 
will have the desired properties mentioned above, if F(a, 4, 2, p,q) is an 
analytic function of 7, y, 2. p,q near the point + = 19, 47 = Yo. Z = 2. P = Pos 
q = % Where F(%y, Yo. Zs Pos Yo) = 9. und if further @F/é@p ¢ 0 at this point. 
In this case (2) is called the normal form of the differential equation (1). 
But the solution (2) may be many valued, and in such case the theorem will 
hold for each single valued solution separately. Corresponding to each single 
valued solution of the form (2) there will then exist one and only one solution 
z= v(r,y) of (1) which passes through the curve 


,z= $(y). 


} r= So, 





* This requirement that the solution be analytic is not necessary: see E. R. Hedrick, 
Dissertrtion, Gottingen, 1901, p. 19. 
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in the interval y, < y < y,, provided the function F(x, 452%, Ps]) is analytic 
and dF'/op # 9 in this interval, for the values of z, p,q given by z= $(y), 
q=%(y¥) 1 = ¥(y), where F [x y, 6(y). $'(y). W(y)] = 9; and this 
solution v(x, y) will be analytic in the interval for sufficiently small values 
of |a — %/.° 

(Gseometrically the theorem then states that one and only one analytic in- 
tegral surface of (1), corresponding to each single valued solution of the 
form (2), can be found, upon which lies a given analytic curve in a plane 
parallel to the YOZ plane, provided F' ix analytic and éF/ép 4 0 for the 
values of x, y, z along the curve and the corresponding values of p and 
given by (1) and by the equation of the tangent to the curve. 

Similar statements of course hold on interchange throughout of «# and Y, 
and simultaneous interchange of p and 4. 

By a suitable transformation it is clear that, on genera/, any curve in space 
would uniquely determine a corresponding integral surface. This would not 
follow from the above theorem, however, in case the transformation which 
carries the given curve into the curve (3) transforms the equation (1) into an 
equation which cannot be thrown into the normal form (2). It is precisely 
this consideration, interesting for its own sake, which will eventually lead us 
to the characteristics themselves, and to the so-called integral curves. We 
shall find that the curves (which we shall call ‘ntegral curres) for which the 
('xuchy-Kowalewski process may fail, in the above sense, are divided into two 
sorts, in general: (1) those which lie on integral surfaces, which we shall call 
characteristic curves; (2) those which do not lie on any integral surface. 
We shall then see that in general several integral surfaces pass through a 
characteristic curve. Hence the Cauchy-Kowalewski theorem is actually un- 
true for any of the integral curves, including both the sorts mentioned above, 
for in neither case does the curve determine an integral surface through itself, 
uniquely, 

We proceed at once to the determination of the characteristic curves. We 
shall find first the characteristic curves on a given integral surface, and later 
all the characteristic curves in space, ¢. e., all those curves which lie on in- 
tegral surfaces and for whieh the Cauchy-Kowalewski process may fail, in the 
above sense, 

After having established some of the principal properties of characteristic 


* See preceding footnote. 
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curves, we shall determine the integral curves in general ; and then state afew 
general theorems based upon the foregoing results. 
2. Failure of the Cauchy-Kowalewski Process. Let us then 


first assume given an integral surface 
(9) z= (2, ¥), 


where v(v, 7) is a known analytic function of « and y which satisfies the 
equation (1). By the above reasoning we see that any curve on this surface 
will, in general, determine an integral surface uniquely. We wish to find first 
the characteristic curves on this surface, ¢. ¢. the curves for which this con- 
clusion cannot be drawn from the Cauchy-NKowalewski theorem, in the above 
sense. Aside from the curves already considered in §1, the analytic curves 


on the surface (5) may be represented by the equations 


(6 fy = A(x), ~ (=a), 
) < o “ . 
) (2 = wiz. Y)> (z= vit, A(wr) ;= u(r), 


where A(z), and hence also w(x), are analytic functions of x. 
Let us now transform the equation (1) by the transformation 


(7) — ; (, =", 
or d 
y=. (y= t+ ACH), 


i 


in order to transform our boundary curve (6) into the form 


zy = 0), 
(3) 
2 =B#(N"), 


which is more suitable for the application of the Cauchy-Kowalewski theorem. 
In the new variables z,, y, the function z will have derivatives C2z/0x,, 02z/0y;, 


which we shall call p,,4, respectively. From (7) we have at once: 
(9) [P= -HMEte . in=s 
14 = Pr (“” = P + yr (mm). 
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where A'(x) = dd(x)/dx. Hence the given differential equation (1) becomes 
(10) FLA» M+ AMM). % W—-MA(x), py] =O. 


The Cauchy-Kowalewski theorem will then be applicable to the curve (8), 
provided F is analytic and ¢/'/ép, 4 0 for each set of values of “15 Wis 5 Pis Hh 
in a certain interval given by 2,=0, y=, z=H(m). py = WI), 
gy = #'(") = du(m)/dm, where 


lin. O+A(M). w(M). uM (%) — (4 )A(H), (1) |= 0), 


The same result is evidently obtained by writing ¢/'/é@p, as a function of 
+, 4,2, p,q and substituting 7(= y,)= 7, y(=47,+ Ay) =0 4 A(x), z=p(2), 
PL=% — Pr (2) = b(7), 90 = P,) = $2(7), where 


Fle, A(w). Misr), O)(."). $,(") |= 0 


and where $,(7) = w(x) — $,(7)A'(x). But again this same result is ob- 
tained by substituting z= v(7,7), p=v,(7,y¥), Y= »,(x, ¥) — where 
v.(x, 4) = Ov(x,y)/ex and v,(7, y) = Cv(4,y)/eéy — and then y= A(z). 
For v[ a, A(x) }= w(x) and the quantities substituted for p and q satisfy the re- 
lations for $,(2) and $,(2), since 


w'(x) = v,[7,A(r)] + vy fa, A(r)]- ACF) 


and Fix, y, (2, Y), Ye. %y) = © identically in « and y, because (5) is a so- 
lution of (1). 
The curves on the surface (5) for which the Cauchy-Kowalewski process 
may fail, in the above sense, are then given by the equation : 
oF oF dr(x) oF 
(11) —-=+=--; + —-—(), 
Op; cp dy cq 
where z, p, g are to be replaced by v(.7,7), ve(4, Y)+ (4+ y), Pespectively. 
For, by the above, this equation becomes an identity in x, for any curve on 
(5) for which the Cauchy-Kowalewski process might fail in the above sense, 
when these substitutioas are made and then A(.) is substituted for vy. But 
v(x, y) is a known analytic function. Hence, after the substitution of v(x, y) 
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throughout for z, the equation (11) becomes an ordinary differential equation 
for A(v). 7. e. for yas a function of x: 


i . 
(lla) — Fy(r. y) = + Fi(x, y) = 9, 


where F,, and F, denote the functions of 2 and y which result from the sub- 
stitution of v(7, 7) throughout for z in ¢F’¢p and @F/0qg respectively. The 
equation (lla) has one and only one solution corresponding to any pre- 
assigned set of values of «and ¥, ina region where the coefficients are analytic 
and F,, = 0; and this solution is an analytic function of 2. Hence: 

THeorem. There exists on the given surface (5) a one parameter family 
of curves of the type (K), satisfying (lla), one and only one of which passes 
through any yiren point of the surface, ina region where F, and F, are an- 
alytic and r, + (), 

For these curves the Cauchy-Kowalewski process fails, in the above sense ; 
i. ¢., We cannot assert that one of these curves determines uniquely the inte- 
gral surface on which it lies. That it actually does not", remains to he proved. 
Asin §2, we shall call these curves characteristics or characteristic curves, since 
by definition they lie on an integral surface. The equation (lla) will be 
recognized as the principal equation of the characteristic curves, as ordinarily 
derived.* It follows that every integral surface is completely covered by 
characteristic curves, one and ouly one of which passes through any given point 
of the surface, provided e and F. are analytic and F, # Oat that point. 
And we see that unless F’ is not analytic near some point given by the substi- 
tution of 7» =z. y= A(z), t= v[ a, A(wr) Ie p= v,| 7, A(r) ]; g= v,[2, A(x) | 
found above, the Cauchy-Kowalewski theorem directly applies. Exeluding 
such exceptional points (where /’ is not analytic) we have the 

THEOREM: Any curve of the type (6) which lies on an integral surface 
and is not a characteristic curve, determines uniquely the integral surface on 
which it lies, under the ahove restriction. 

We have tacitly assumed that fF’, does not vanish identically in x and y 
along the surface (5). If it does, we can easily modify our work so that x 
and yare interchanged unless /’, also vanishes identically. If now F,and F, 
both vanish identically along the given surface (5), the equation (11) is 


* See Goursat./.¢., 1 ordre, p. 115; Fricke, . ¢., p. 491; and others. 
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identically satisfied for any curve whatever on the surface, and the Cauchy- 

Kowalewski process may fail for every such curve. 
We are thus led to enquire into the nature of the surfaces obtained by 

eliminating p and 7 between the three equations 


(12) F = 0, F, = 0, oP =), 


If, as a result of such elimination a surface z = v(x, y) is found, which satis® 
fies (1) and for which /', and F, both vanish identically in x and ¥. then such 
an integral surface must be excluded in the statement of the theorems above. 
and in fact every curve on such a surface would satisfy the definition of «a char- 
acteristic curve. It is an advantage of the present method that our attention 
is called at once to such surfaces, for it turns out that they are precisely the so- 
called singular solutions.* We shall exclude them from our discussion for the 
present, however, in view of their evident peculiarity. in order that the state- 
ments of theorems may remain simple. 

Likewise, if F', vanishes at any point (.r9,7)) of the surface (5), the 
theorems of this section hold true unless /’, vanishes at the same point. But 
if both F#, and /, vanish at any point (29, Yo, 20) of the surface (5), then we 
cannot assert that one and only one solution of (11a) passes through this 
point, and such points must be excluded from the discussion in the statement 
of the theorems. They will in general be points upon the envelope of the 
one parameter family of solutions of (lla), or in particular the point into 
which such an envelope may degenerate. Such points. or their locus, may be 
found by substituting v(7, y) throughout for z in cFép and cfg and 
solving the resulting equations /,(7,7) = 0. Fy(r,y7) = 0 as simultaneous 
equations for zand y. This will give, in general, discrete points in the (2, 7) 
plane, which are singular points for the surface (5), in the above sense. 

It now remains to determine the characteristics without assuming v(.’, 7) 
as known, and this we shall do in §3. On the other hand, it is clear that we 
have used the assumption that the curve (6) lies on the integral surface (5) 
only to show that the substitution of v(x, ) for z and of v,{, A(x) ] and 
v, [«,A(a)] for p and q respectively was equivalent to the substitutions for 
21, P » 4 Which were to be made in F',. We cannot make the above substitu- 


* See Darboux, ‘‘ Mémoire sur les solutions singulitres,” Jour. sav. étr., vol. 27 (1880) : 
Goursat, l. ¢., 7 ordre, p. 86; Forsyth, Differential Equations, p. 296; etc. 
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tion, of course, when we do not assume that the curve for which the process 
is to fail, lies on some integral surface. We shall then return to this point 
in §4, and seek to determine the ¢ntegral curves in general, ¢. e., whether they 
lie on an integral surface or not. The characteristic curves are evidently also 
integral curves. 

3. The Characteristic Curves in Space. We have defined a 
characteristic curve to be a curve which lies on some integral surface and for 
which the Cauchy-Kowalewski theorem may fail in the above sense. We shall 
now proceed to prove that the theorem actually does not hold, 7. ¢., that there 
are other integral surfaces through this same curve. 

We shall first obtain the differential equations of the characteristic curves, 
which by definition lie on an integral surface, without assuming the integral 
surface to be given. Since v(., 7) is a solution of (1), that equation will 
become an identity in and y when v(.r, 7) is substituted for z. Likewise 
the two functions dF) dx and dF dy will vanish identically when v(z, y) is 
substituted for z: 


aE | . | 
- = Pip. + Fog, + Fp + F,= 9, 
” 
“s - Fy Py _ F, Vy + Ws q + F. — Q, 


where p, = dp/dy = 02 Crey = Cqy/eéx = 4,, and so on. 
We have also the identities 


(dz dy 
dy PT? dx’ 
dp dy 
14 = + —» 
( ) 4 ds Ps Py dz 
dq dy 





de ——~ Ur — Vy da , 


where z = v(x, y), and y = X(r), any function. 

The equations (1), (11), (13), (1 1) are satisfied identically in 2, when 
v(x, y) is substituted for z and then A(x) for y, where v(x, 7) is a solution of 
(1), and A(x) is a corresponding solution of (11); or, what is the same 
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thing, these equations (1), (11), (13), (14) are satisfied identically in x by 
the equations z = #¢(x), y = A(x), the equations of the desired characteristic 
curves. Hence (1), (11), (13), (14) are the differential equations of the 
characteristic curves. From them we can eliminate p,, Py(= Yr), and q,, so 
as to obtain the equations : , 


dy _ Fy dp —-*F, + pF 

1 ity adn epee 
( 15) ar fy dx v. 

dz _ ph, + 9F, | dq_ F. + qF. 

dr f ? dx FP, 


which, together with (1) ,must be satisfied by y= A(x), z = v[x, A(z) ]= (2), 
Cv(x, 


Cv(z, ¥) 
” or 


- a $, (7), and g = ey ] = $,(7), say. 


The equations (15) are then a set of four simultaneous ordinary differ- 
ential equations for the determination of y, z, p,q as functions of x. The 
equation (1) must, however, also be satisfied, and hence one of the equations 
(15) (say the last), may be regarded as supernumerary, and the value of ¢ 
(say) may be found from (1), after y, z, p have been determined by the first 
three of equations (15). 

If, now, we think of «, y, 2, p. q all as functions of a new auxiliary 

dy dr dy 


variable ¢, we shall have ~~ - = . ete.. whence the equations (15) be- 
7 dr dt dt | ( 


. 
COMLe = 


dx ; dy , dz , . 
dt = F dt =f q° dt = pf, +9 I q° 
( 16 ) d ) dq 
; wore F, + p F, )s dt die F, +4 F’:). 


. . . . . . . . . ry . . | 
of which the first equation is merely a definition of ¢. The set (15) [or (16) | 
is seen at once to be the set of equations ordinarily obtained for characteristics. T 


* This form is also obtained if we exchange z and y in all our work. Or we might ob- 
tain it directly by altering the work slightly. It is convenient in avoiding an interchange of 
rand y when F, vanishes. 


+ See Goursat, l. c., 1 ordre, p. 115; Fricke, l. c., p. 491; ete. 
’ 
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By the Cauchv-Kowalewski theorem for ordinary equations we know that 


if five constants 2. Yos Zoe Poe Jo ATE given and if 


me | } . . 7 —— ° } — 
Lv | = Hos Yi\eno = o> ~jt=07 °&~O°? Pitxo = Po: Viewo — Yo 


be assumed as initial values, then a set of solutions of the equations (16) is 


uniquely determined :* 


II 


ST (ts “os Yor ~0+ Por Yo) 
Y a ( f, Os os =o Po: Yo) 
( 1 - ) 2 Z = fs ( €.. Xone Mos Z0e Po- Lo ) 
iL a ( e- Hye Nos eae Pos fo) 


4 a: Js (f. Vos Yor Zoe Por Yo) 





and the five functions so obtained are analytic functions of 9. Yor Zo» Por Yo a8 
well as of ¢: provided only that the right hand sides of the given equations 
fas is the case in equations (16) ) are analytic functions of all the variables 
present, near the point 2y, os Zu. fos Yo- 

The first three of equations (17) define a curve in’ space. The last two 
define, at each point of this curve, a tangent plane to the curve, by (14). 
This contiguration of a curve in space together with tangent planes affixed at 
every point. we shall call a sfrip. Such a strip is, by the above, uniquely 
determined as the solution of equations (16) [or (15))] when any point 
(fo. Yo. 20) and a plane (py. go) through that point are given. This configu- 
ration of a point together with a plane through it, is called a surface element. 

Since for our purposes #, 7, 2, p and q must, when found as functions of 
t, render the equation (1) an identity in ¢, it will be necessary to assume that 
Lous Yor Zo Pos Yo satisfy (1), since these are to be the values of x, y, 2, p, and 
q corresponding to f= 0. We shall then have F'(2%, Yo: Zo, Pos Yo) =, OF 
the surface element (7), Yo. Zo. Pos Go) lies on an integral surface. Let us 
then assume that 7, Yo, 29 are the coordinates of a point on some integral 
surtace, and that po, 4 are the directions of that integral surface, at (7%, Yo. 2) - 
We have seen in §2 that there exists one and only one characteristic line, on 
the integral surface, through any point of the integral surface ; and with it are 
associated the uniquely determined tangent planes which are also tangent to 


* See Picard, Traité danalyse, vol 2, p. 304; Fricke, l. ¢., p. 435; ete. 
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the given integral surface. Such a configuration of a characteristic line to- 
gether with the appended tangent planes belonging to the integral surface we 
shall naturally call a characteristic strip. But we have just seen that through 
any surface element (2, Yo, 20, Pos Yo) there goes one and only one strip satis- 
fving the equations (16). But these equations merely express the condition 
for a characteristic line on some integral surface, together with the appended 
tangent planes uniquely determined at every point by this integral surface. 
For they are constructed out of equation (11) and the identities (13) and 
(14). From this follows directly the 

THEOREM: Any surface element (9, 4, Zos Pos Yo) Lying on an integral 
surface uniquely determines a characteristic strip, which lies wholly on the 
surface, 

For, if it did not lie wholly on the surface, then the characteristic strip 
given by §2 would be a second characteristic strip through the given surface 
element and lying on the integral surface, the existence of which is impos- 
sible. 

Or. if Lo: Yos Zo Pov Yo he a set of values satisfying the given differential 
equation (1), then the set of solutions of (16) [or (15)]: 2, 4,2, p,q, 
aiven by (17), satisfy the equation (1) identically in t.* 

There is a three parameter family of characteristic strips determined by 
the equations (16) [or (15)]. For, of the five constants 9. Yo. Zo. Pos Yo in 
(17), one is determined by the relation F'( 79. Yo. Zo. Pos Yo) = O. and we get 
the same characteristic strip for each surface element of the one parameter 
family of surface elements lying along it. This leaves a three parameter 
family of characteristic strips in all space. 

This three parameter family of strips will in general lie along a three 
parameter family of characteristic curves, given by the first three of equations 
(17). But it may happen that several characteristic strips lie along the same 
characteristic curve, so that there may be less than three parameters entering 
into the equations of the characteristic curves. In particular, for an equation 


of the form 
A(x, y.z)p + Bir, 4, 2.)q = Clr 42) 
the first two of equations (15) [or the first three of (16) } do not involve » org, 


and can be solved separately. In this case, then, the first three of equations 





* The analytic proof is also immediate. See, e. g., Fricke, /. ¢., p. 435. 





AE 8 oa ES Gree 


CF a AOR 


-\st e 


ee 


2 PE RE OE TM SL ST 


ENA LONE 9g Ss 



























if 




















132 HEDRICK {April 


(17) involve only two essential parameters, and hence there is only a two 
parameter family of characteristic curves. If we solve all of equations (15) 
for (16)] we shall find as before a three parameter family of characteristic 
strips, which are then arranged along the two parameter family of curves in such 
a way that through each curve there passes, in general, a one parameter family 
of strips. In general, then, any plane tangent to one of the curves determines 
a characteristic strip through the curve, 

In general there isa three parameter family of characteristic curves with 
one characteristic strip along each curve, but in particular some of these may 


unite. For an equation linear in p und q, there is thus onlya two parameter 


family of curres with a one parameter family of characteristic strips along each 


curve. 

It is easily seen that an infinity of integral surfaces pass through any 
given surface element which satisfies (1). For instance, all curves, not in- 
tegral curves, tangent to the element, determine uniquely integral surfaces 
through themselves, by the Cauchy-Kowalewski theorem. By the above, how- 
ever, the unique characteristic strip determined by the given surface element 
lies on any integral surface through that clement. Hence we have the 
following 

THEOREM: The characteristic curves, defined as those curves on integral 
surfaces for which the Cauchy-Nowalewski process may fail, actually do not 
determine the integral surfaces on which they lie. There are in fact an infinity 
of integral Surfaces through every characteristic curve, and these surfaces are 
all tangent along this curve, at least provided they ave tangent at one point. 
For, the characteristic strip determined by their one common surface element, 
lies on each integral surface. The condition stated in the last line is not 
necessary, except when, as for linear equations, more than one strip lies along 
each characteristic line. 

Let us now consider the curve (3); for which the Cauchy-Kowalewski 
theorem was stated in §1: 


(18) a, 


t= Zo 


where $(¥) is analytic. This curve uniquely determines an integral surface of 
(1) if F isanalyticand ¢F/ép 4 0 in the interval considered for x = x9, y = ys 


z= Gly). p=V¥(¥), 7 = ¢'(y), where Flay. (4). WY). ¢'(v))]= 0. 
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The curve (18) is not of the form (6), but we see that the Cauchy-Kowalewski 
theorem can fail only when Ff, = 0 for the above substitutions, i. e., for the 
functions ¢(yv) determined by (11), after dy/dx is replaced by (dz dy)—); 
for since 2» is constant, da/dy = 0 for this curve. Hence any curve of the 
form (18) as well as of the form (6), for which the Cauchy-Kowalewski 
theorem fails, must satisfy (11), if, as above, we exclude points of the curve 
for which F’ is not analytic. If /, = 1, 7. ¢., if the equation is written in 
the form (2), it is clear that the only exceptional curves of the class (18) are 
those for which (7. ¢. in this case f) is not analytic, which is precisely a 
restatement of the Cauchy-Kowalewski theorem. — If FP, = 0 in «, ¥, 25D. q 
that is, if Pp does not occur in /’, it is clear that every curve of the tvpe (18) 
would be such an exceptional curve. 

If #, = 0, however, we can interchange x» and y in all that follows, un- 
less F, 


be a differential equation. 


also vanishes identically in +, 4, 2, p,q, in which case (1) ceases to 


Assuming then that /, ¢ 0, excluding the curves (18) which satisfy (11), 
and restricting ourselves, for the present, to an interval where /’ is analytic 
along the curve, it follows directly from the Cauchy-Kowalewski theorem that 
the curve (18) determines uniquely an integral surface. At any point 
Lo: Yor 29 = Wyo) of this curve we shall have 


aA 
Yo — 
v>=WMe 


dy 


while po is determined from the relation F'( 29. Yos 20» Pos Gy) = - Hence a 
surface element is determined at each point of the curve. This surface 
element, in turn, determines uniquely a characteristic strip through this point, 
and this characteristic strip lies on the integral surface determined by the 
given curve. If now we let the point move along the curve, the corresponding 
characteristic curve (with its strip) evidently sweeps out the integral surface. 


The analytic statement consists in setting 


(*° = Xp», constant : Po = (). 
(i) Yo = 7, variable ; dy(y) 
Yo = 7, Variadle , in AS, — ‘(n). 
0 d(y) a ¥ 


zy = ¥(n), arbitrary ; 
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where $(7) is determined by the identity in 7: 
F’{ a9. n. ¥(7). O(n), v'(n) ] = 0. 


The single characteristic curve given by Yo =” for any constant value of 7 is, 
from (17). 


=. 1b Vo: 1s v(n). Pos ¥'(n)}, 
(20) 4Y =fr[ts tom ¥(0)+ Po ¥(n) J, 
i = f,| t, Vos 1). (7), Po v'(n) |, 


— 
= 
| 
» 
_ 
~ 
* 


where py is determined as a function of n, ¥(7). and y(n), as above. The 
two similar equations derived from the last two of equations (17) define the 
directions of a tangent plane at each point of this curve. The equations (20), 
for variable yn, for any function y, define a single surface, and this is an in- 
tegral surface, by the above. For every choice of Ww we get one such 
surface, where / and 7 are parameters, p having been obtained as above as a 
function of n, ¥(m), and W'(n): and these are all the regular integral surfaces 
of the given equation (1). Hence we obtain the following 

THEOREM : Tf we can obtain the characteristics, as the solution, in the 


form (17), of equations (1H)lor (15)), we can at once write down the general 


solution of the given equation (1) tn the form (20), tnrolving in general one 
arbitrary Junction and its derivative. 

The importance of characteristics in the study of differential equations is 
well illustrated by the theorem just stated. But they do even more than 
aiding directly in the solution, by making clear the geometrical meaning of 
all parts of the subject. [tis not the purpose of this paper to develop fur- 
ther the extensive theories connected with characteristic lines and strips, the 
ordinary theory being the same as ours would be from this point on.* Indeed 
we have passed over already with only short geometric proofs, two theorems 
(p. 134 and p. 132), of which rigorous analytical proofs can be given, those 
given by Fricke (/. ¢., p. 433) being satisfactory.t It can be shown, in fact, 
that fhe equations (20) represent a solution even when $() ts merely a con- 
tinvous Junction which has a contin uous first derivative, though the proof will 





* See, ¢. g., Goursat, l. ¢., 1 ordre, Chap. IV. 
+ See also Goursat, /. ¢., 1 ordre, p. 110. 
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be essentially different from that sketched above, in that we cannot then infer 
from the Cauchy-Nowalewski theorem the existence of an integral surface 
through the given curve.* 


It is now easy to show that every analytic partial differential equation of 


the first order has non-analytic solutions. For if (nm) be taken non-analytic, 
it follows easily that the surface determined by (20) is non-analytic mene tite 
curve, in a two dimensional region. The details of the proof a given in the 
writer's thesis. t 

4. The Integral Curves. Geometrical Interpretation. While 
our chief purpose has been attained in the discovery of the equations for the 
characteristics, it is interesting to discover the equations defining all those 
curves in space for which the Cauchy-Kowalewski theorem may not hold. 
These curves have been called (§1) the ‘afegral curres, . 

We shall exclude from the discussion, as above, on any curve, 


(y=A(r),° 
(tra) P 
(2 = w(Y). 
anv point a = “9, Yo = A(4). 2 = #(%). if F is non-analytic about the 


point fo, Yor Zos Por Yor Where F'(x,. Yo. Zo. Pos Yor) = and p'(7y) = po 
Yo (4). 


We shall then have to consider merely the possibility of the vanishing of 


CF’ cp for this curve, ¢. e. for the values 7 =a, y=A(r), 2z=4(2), 
p O(7), go = bo(r), where (7) and @,(.7) satisfy the equations 
Bir, XCar), wr), O1(2), be() J= 9, and p'() = b)(.") + dg()A(r). For, 
asremarked at the close of §2, these are exactly the substitutions we must make 
when we do not assume (as in §2) that the curve(6) lies on an integral sur- 
face. If AC) and w(x) are unknown, p and q in (11) may then be replaced 
by the values found by solving the equations (1) and 


dp(w) AX(r) 
"7 dx a a = 


* The proof given by Fricke, /. ¢., p. 445, is immediately extensible to this case. 
+ See Hedrick, 1. c.. pp. 20-25. This theorem is not extensible to systems of partial 
differential equations of the first order; see Hedrick, J. ¢., p. 25. 
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as simultaneous equations for p and g. Any functions » (2) and yw (x) which 


satisfy the resulting equation 


dz dy 
c. we 2 := = Q, 
(114) M(. +s 20% ae ( 


when substituted for 7 and z respectively, will then evidently define an inte- 
gral curve of the form (6a). The equation (114) is due to Monge, and is 
called the Monge equation. In general it will be determined by eliminating 
pand q between the equations (1), (11), and (14a), written in the form 


dz dy 


dz = P — q in . 


The equation (11/4) is a single ordinary differential equation for the 
determination of z and ¥ as functions of x. In general its solutions cannot be 
expressed by a finite number of parameters, for if any analytic function of x 
be substituted for z, for instance, there will still be in general a one param- 
eter family of solutions for y, which, with the above arbitrary value of z, 
satisfy the equation. Among the numerous solutions will be included, of 
course, the characteristic curves, by definition. And it is otherwise evident 
that any solution of (15) will also satisfy (114). 

The values of pand q corresponding to given values of w«, y, and z, 
which we have found it necessary to substitute here (and in §2) are found by 
solving (1) and (14a) as simultaneous equations. Now (1) constitutes for 
any fixed point (7, y, z) one relation between p and q, and defines at this 
point a one parameter family of planes (p, 7) which in’ general envelop 
a cone whose vertex is in the point (7, ¥, 2). It is clear that these are pre- 
cisely the possible tangent planes to any integral surface through (7, y, 2). 
Hence any integral surface must at every point be tangent to the cone through 
that point; and this condition is also sufficient. This cone field is then the 
exact geometrical counterpart of the differential equation. The conditions 
(11) and (142) mean geometrically that the integral curve is tangent at every 
point to the cone at that point.* We obtained the characteristics however, 








* This geometrical analogy between integral surfaces and integral curves constitutes the 
justification of the latter terminology. 
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under these same conditions, with the additional requirement that the curve 
should lie on an integral surface. Hence we have the 
Tueorem. The integral curves are those curves in space which are tan- 
gent at every point to the cone field determined hy the equation (1): and the 
characteristic curves are those integral curves which lie on integral surfaces, 
It is this geometrical fact which is usually made the basis of the whole theorv. 
For the linear equation 


A(s, YA) pr Bix, Yo 2,)9 = C'(x, 4, 2) 
however, the general propositions are materially altered. For (11) becomes 


ly 


lp = Bs Hs 2)s 


(lle) A(x, y, 2) 
which does not involve p org. It is therefore unnecessary to make the sub- 
stitutions which were made in general, and any curve of the form (6a) which 
satisfies (11¢) is an integral curve. If for y any function of «, say A(#), is 
substituted the equation (11¢) will in general detine a cylinder perpendicular 
to the plane of NOZ. There is, therefore ‘a general, one integral curve whose 
projection on the NOY plane is an arbitrarily assigned curve. Or, if for z any 
function of + and y be substituted, the equation (lle) will reduce to an ordi- 
nary differential equation for vy. On any surface in space there is then a one 


parameter family of integral curves, which completely cover the surface. Of 


these, those which lie on integral surfaces are characteristic curves: and these 
are, by §3,a two parameter family in space given by the first two of equations 
(14), of which the first coincides with (11e). 

If, however A and 2B do not involve z, the facts are again changed. For 
then (lle) does not involve z, and hence becomes a single ordinary equation 
for y asa function of x. If y = A(~) satisfies this equation, the curve (67) 
is anintegral curve. lence, if A and B do not involve z, there ts a one pa- 
rameter family of curves in the NOY plane, such thatany curve whose projection 
on this plane is a curve of this family isan integral curve. Of these curves, 
those which lie on integral surfaces are characteristic curves; and these are 


given by solving the second of equations (15) : 
dz : 
A(x, y) = ('(4, y. 2) 
on 


for z as a function of x, after replacing y by any solution A(z) of (Ile). 
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It is easy to see that (lle) gives the correct results not only for curves of 
the form (6a) but also for any curve of the form (18). 

It is evident in general that no integral surface will pass through an in- 
tegral curve which is not a characteristic curve. And we have seen that a 
characteristic curve does not determine an integral surface uniquely. Hence : 

THeorem. No éategral curve determines uniquely an integral surface, 
there being more than one integral surface through any characteristic curve,and 
none at all through any other inte gral curve, 

Let us suppose the integral curves determined, in the form (6a) [or (18) }. 
If we consider any other curve, C, of the form (6a) [or (18)], it is clear that 
the Cauchy-Kowalewski theorem will hold, and that C will uniquely determine 
an analytic integral surface, for any portion of C for which /’ is analytic, and 
for which (11) does not hold at any point, when A(x), w(x), O)(2), O:(2) 
are substituted for v, 2. p,q. as above. But (11) can hold only at isolated 
points on C, since A(x) and w(.r) are supposed analytic, and C would coin- 
cide with an integral curve if (11) were satisfied at a set of points of C 
which cluster about any point of (. If we exelude these tsolated points on C, 
for which (11) holds, any remaining portion of C’ determines uniquely an 
analytic integral surface through itself, provided F is analvtie along this por- 
tion of C. The points excluded are, geometrically, the points at which C is 
tangent to an integral curve, since A'() and w'(.r) are used in the above sub- 
stitution to determine $,(7) and ¢,(.). And it is clear that any constant 
value of 2, y, 2, AC“), (2) which satisfy (11/)[or the corresponding equa- 
tions from which (114) is derived) determine one or more solutions of (114) : 
or of (11) under the above substitution. 

If Clies on an analytic integral surface, it surely determines that integral 
surface uniquely; for each portion of it, between any two points which we 
have excluded, determines a portion of this same integral surface, uniquely. 
Hence, since the intervals about the excluded points may be made arbitrarily 
small, the whole curve C determines the whole surface uniquely. The only 
other cases which can arise are those in which C uniquely determines an in- 
tegral surface, which is analytic along C' except at the excluded points, and 
which is analytic in general except near an excluded point of C’; or where the 
portions of C' lying between excluded points determine pieces of different 
analytic integral surfaces. We may then state the 

Turorem: Any curve C in space, of the form (6a) or (18), which is 
not an integral curve, determines uniquely an integral surface which is analytic 
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and which passes through the given curve, for any portion of Cin which 
no point lies at which C' is tangent to an integral curve, or at which 
F (x, ys 2 Py q) t non-analytic: the point x4, Yor 2s Por Go the curve C he- 
ing given by «© = 2, y=X(r),2z=p(4), p=O(xr), 4 = $,(x), where 
F[x, (2), #(%), $i(*), $2(%)] =0 and where p'(2) = $:(2) + $(x)A'(x), 
for a curve of the form (6a); or by r= a4. y= y,2= $(y).p=V¥(y), 
q=v¥'(y), where Flr, y, d(y). ¥(y), $'(y)] = 0, fora curve of the 
form (18). 

5. Possible Families of Characteristics. It is easily (and usually) * 
shown that if 
(24) z= $(4, 4,4, 4), 


represents any two parameter family of solutionst of (1), then the general 
solution of (1) is given by 


z= $[2, y, 4, w(a)), 


0= $a v $,w'(a), 


where w(a) is an arbitrary function; and the characteristic curves are given 
by 


| 


(26) * = o(4, y, a, b), 


0 $, (2%, y. 4, h) + ch,( 4, UPL h), 


as we see from equations (21) and (22). 
We have sven that there is in general a three parameter family of charac- 
teristics of any partial differential equation of the first order. Let us now 


inquire if any three parameter family of curves may be the family of 


characteristic curves of some such differential equation. Let the equations 


27 A(z, y, 2, 4,56, ¢) = 9, 
is oe Y, 2, a, A,ecy= 


| 


* See ¢. g., Forsyth, Differential equations, p. 294; Goursat, |. c., 7 ordre, Chap. V; ete. 
+ The necessary and sufficient condition that a and / in (24) be independent parameters 
is that 
e'g Co eg fara 


ap ap Op lo eo - 
eyca cb éycb ° a 


ézéa 2b ~§= @z@b 2a 
do not both vanish identically. 
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be the equations of the three parameter family considered, Solving for z and e¢, 


as is in general possible, we have 


z= h(x, y.a, 6), 
Se . 
—) calls, Yo a, hb), 


in whieh form we may suppose the family given. If this family is to coincide 


with (26) we must have 


ch(w, y, a, 6) 
eu 


Chir, yy a, 4) 


hix. ow. a. 6) = = 
4 ; ch 


The general solution of this differential equation for & we know to be 
(29) k= wiky.rey)s 


where ky = Ay(a, y, a, 6) is any particular solution and w is an arbitrary 
function. lence the family (27) is by no means arbitrary, But if the pro- 
Jections of the curves (27) on the XY plane, i.e., the second of equations (28), 
be given, then there is a whole class of differential equations of the first order 
which have characteristics with these given projections; and these equations go 
over into one another by the transformation 2 = w(z,4,y); ¢. €., the differen- 
tral equation, the solutions, and the characteristic curves are carried into each 
other hy this transformation. 

Again, if we eliminate p and 4 between the equation (1) and the first 
two of equations (15), so as to get the Monge equations : 


(30) u(‘ - OP :) 0, 


dr * ar 


then we know that the characteristic curves of the equation (1) are among the 
solutions of this Monge equation, which has in addition infinitely many more 
solutions. Given now a three parameter family of solutions of (30) ; 


fy aes pi (4, (1s (as (g)> 
{2 = d, (7, " Vay C4). 
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which are not characteristics of (1), it follows readily that the Monge equation 
and the differential equation (1) itself are each uniquely determined by this 
three parameter family of integral curves. It follows that they are not integral 
curves for any other differential equation than (1), and hence certainly not 
characteristic curves of any other equation than (1). But they are set laa 
acteristic curves for the equation (1), by hypothesis. Hence they are not 
characteristic curves for any differential equation of the first order. Hence, 
any three parameter fam ily of integral curves which are not characteristic curves 
of the corresponding partial differential equation of the first order. are not 
the characteristic curves uf any such equation. We also see that the same 
three parameter family of curves cannot be the family of characteristic curves 
of two distinct partial differential equations of the first order: for, regarded 
as integral curves, they determine uniquely the differential equation. An in- 
structive geometrical interpretation of these results is immediate. 

7. Connection with the Calculus of Variations. The charac- 
teristics of a differential equation may be detined as the extremals of a certain 


problem of the calculus of variations. For, let us consider the problem® of 


rendering the following integral an extremum (maximum or minimum) : 


= / dz 1 
(31) -| a 


under the auxiliary conditions : 


dz dsr dy , 


32 = + ° -- .! +> a 
\ dt P dt 4 dt ag 44 


where 2’ denotes dz/dt, and so on: and 
(33) F(z. y. 2. p. g)= ". 


This problem is substantially to find that) strip- equation (32) requires 
that the tangent plane be tangent to the curve— which is composed of integral 
surface elements (equation (33)), the steepness of which is an extremum. 


* This problem is not reducible to a problem in ordinary maxima and minima because tlie 





auxiliary conditions involve 7! and y’. 
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The first necessary conditions which must be satisfied by a solution of the 
above problem are the same as those for the problem of rendering the following 


integral an extremum :* 
+, 
es | {7 + A(z — pr —qy') + BP x,y. 2 Pg) ja. 
Jt, 


under no auxiliary conditions; where A and » are unknown functions of ¢. 
These conditions. commonly known as Lagrange’s, are : 


d( —rAp)/dt=pF,, 0=—rAxr’ + uF,, 
(35) d( — rq) /dt = BE y, O=—rAy'+ uF, 
d(r) dt = uF, Zz — ps’ + qi = 0), 


F(z, y, 2, pg) = 9. 


If now we eliminate A, JA dt and yw from these equations, we get at once, 
as necessary conditions for the given problem : 


dy 2 F, dp _ FY, + pF, 
dr A , dr fF, ; 
(36) idz pF, +qF, dy _ Fy +4F, 
de sR let i? 
F(z. y. 2p. q) =. 





But* these are precisely the equations (5) of the characteristic strips of 
the differential equation (1). Regarded as necessary conditions for the given 
problem of the calculus of variations, their solutions are called the extremals 
of the given problem. We have then the 

TueoreM: The characteristic strips of any partial d ifferential equation 
(1) of the first order, are the extremals of the problem of the calculus of varia- 
tions stated at the head of this section. Or, the characteristic strips are those 


*The same results may be obtained by replacing 2’ in (31) directly by its value from 
(32); then replacing p[or 4] by its value obtained by solving 33); and computing the neces- 
sary conditions for the resulting integral. For the statements here made see Kneser, Lehrbuch 
der Variationsrechnung, p. 20 and p. 117; Pascal, Variationsrechnung (German translation by 
Schepp), p. 34 and p. 44; Mayer, Math. Ann., vol. 26 (1885), p. 74. 
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strips which satisfy the given differential equation, the steepness of which is an 
ertremum.t 

It seems that this connection between the calculus of variations and the 
theory of characteristics may be of value to one or to both of these theories. 
If. for instance, we seek the common characteristics of two given differential 


equations, 
(37) F(a, 4, 2 peg) =%, 
(38) G(r. 4, 2, py q) = 4, 


in order to find their common solutions, In Case anv such CXist. the equations 
of the common characteristics are evidently given by the first necessary cou- 
ditions of the problem of rendering 7 in (31) an extremum, under the auxil- 
eee *,¢ : oa) ** r . or , ou 
iary conditions (32),(33)[or (37) ], and (38). 

Let us suppose the equations (37) [or (33) jand (3&8) to be solved for p 


and q: 
(9) p = O(z, #5 2Z,). 
(40) gq = ¥(2, Y, 2), 


in Which form we may suppose (37) and (38) given. Let us then substitute 
these values of p and q in the equation (32),and the resulting value of 2’ in 
turn in the given integral (31). This latter becomes 


(41) T= | ; (x. Yo zy + vie, UE yy bee. 


with no auxiliary conditions ; where now 2 is to be regarded as an unknown 
function of x and y. The first necessary condition for the existence of an ex- 
tremum is then 


( C 
(42) “(yy =< b+ Hy). 
a W)= 5, Ot: 
or 
cy op dy oy Oz Cy izdy th Chez Cpdy by Cz dy 
- + a . «fn - = = = = = 4 = - + = + — — : 
Cx cy dx Ox Ox , Oz Cy da CY Cz Cy Cy dx cz cy dx 





* This second, geometric, statement is not rigorous. since the sufficient conditions of the 
calculus of variations may not be satisfied 
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which reduces to 


; op oy , op op 
-_ je * Ge? * dy * Be ¥ 


when we take (39) and (40) into account. But this is precisely the neces- 
sary and sufficient condition for the existence of common characteristics of the 
given equations. Such a result indicates that the matter of this paragraph 
may be useful in simplifying certain considerations in the theory of character- 
istics. 

8. Conclusion. Extension to other Equations. It is evident 
that the whole work up to this point may be extended without difficulty to the 
case of a single partial differential equation in one dependent and several 
independent variables. Such an extension will indeed present nothing essen- 
tially new. But the extension to equations of the second (or higher) order 
(or to the practically identical case of a set of equations of the first order) is 
essentially different in important particulars, and will for that reason be treated 
in the second part of this paper. The reason for such a distinction is that the so- 
lution of any single partial ditferential equation of the first order may be reduced 
tv the solution of a set of ordinary differential equations, as we have done in 
the case of equation (1). But the solution of a partial differential equation 
of the second (or higher) order, or a set of two (or more) partial different‘al 
equations of the first order in two (or more) independent variables, cannot, 
in general, be reduced to the solution of a set of ordinary differential equations. 
It is obvious that such a fact must seriously affect the extension of the theory 
of characteristics to equations of the second order, for it was by the aid of the 
characteristics that we succeeded in reducing the solution of the equation (1) 
tu the solution of the set (15) of ordinary differential equations. There re- 
mains however a considerable analogy between the above work and that for 
an equation of the second order, and an attempt will be made to abbreviate 
the following work wherever possible. 
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